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Example 1.1: Placement of stars in the sky



Example 1.1: Glowworms in a New Zealand Cave

http://www.waitomo.com/SiteCollectionImages/glowworms/Waitomo-Glowworm-Caves-New-Zealand-boat-group.jpg


Example 1.1: London Bombing, 1941

http://www.bombsight.org/


Example 1.2: Games of chance

http://frontporchdenver.com/files/2012/06/coin_toss.jpeg
http://www.quebecoislibre.org/10/100315-4.htm
http://blogs.nature.com/spoonful/files/CardShuffle.jpg


Example 1.2: Gambling, Ancient Rome

http://en.wikipedia.org/wiki/History_of_randomness


Example 1.2: Gambling, Ancient India

http://molee.deviantart.com/art/Mahabharata-game-of-dice-263851342


Example 1.2: Lottery

http://blogs.princeton.edu/notabilia/files/2013/12/Lottery1761.jpg
http://www.nagpurtoday.in/wp-content/uploads/2013/11/Diwali-lottrey-2.jpg


Example 1.2: Lottery

“The State Lottery” by Vincent van Gogh, 1882

http://uploads0.wikipaintings.org/images/vincent-van-gogh/the-state-lottery-1882.jpg
http://en.wikipedia.org/wiki/Vincent_van_Gogh


Example 1.3: Brownian Motion

Three tracings of the motion of colloidal particles of radius 0.53 µm, as seen under the

microscope. Successive positions every 30 seconds are joined by straight line

segments. Mesh size: 3.2 µm. (Jean Baptiste Perrin, Mouvement brownien et réalité

moléculaire, Ann. de Chimie et de Physique (VIII) 18, 5-114, 1909).

http://en.wikipedia.org/wiki/File:PerrinPlot2.svg


Example 1.3: Noise in Electrical Circuits

http://wilsonloudspeaker.com/wp-content/uploads/2013/01/depositphotos_6840122-Vintage-TV-with-noise-on-screen.jpg


Example 1.3: Pune Traffic, 20xx

http://1.bp.blogspot.com/-Gqsaq8XaEJY/TWDup3xaW_I/AAAAAAAAAys/mb0XmDlNFhM/s1600/Traffica.jpg


Randomness
This supposedly “simple” and “intuitive” notion
can be notoriously intriguing ...

http://dilbert.com/strips/comic/2001-10-25/


Example 2: Is this sequence of decimal digits random?
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Example 2: Is this sequence of decimal digits random?
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Example 2: Is this sequence of decimal digits random?
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Example 2: Is this sequence of decimal digits random?

3.1 4 1 5 9 2 6 5 3 5 8 9 7 9 3 2 3 8 4 6 2 6 4 3 3 8 3 2 7 9 5 0 2 8 8 4 1 9 7 1 6 9 3 9 9 3 7 5 1 0 5 8 2 0 9 7

4 9 4 4 5 9 2 3 0 7 8 1 6 4 0 6 2 8 6 2 0 8 9 9 8 6 2 8 0 3 4 8 2 5 3 4 2 1 1 7 0 6 7 9 8 2 1 4 8 0 8 6 5 1 3 2 8

2 3 0 6 6 4 7 0 9 3 8 4 4 6 0 9 5 5 0 5 8 2 2 3 1 7 2 5 3 5 9 4 0 8 1 2 8 4 8 1 1 1 7 4 5 0 2 8 4 1 0 2 7 0 1 9 3

8 5 2 1 1 0 5 5 5 9 6 4 4 6 2 2 9 4 8 9 5 4 9 3 0 3 8 1 9 6 4 4 2 8 8 1 0 9 7 5 6 6 5 9 3 3 4 4 6 1 2 8 4 7 5 6 4

8 2 3 3 7 8 6 7 8 3 1 6 5 2 7 1 2 0 1 9 0 9 1 4 5 6 4 8 5 6 6 9 2 3 4 6 0 3 4 8 6 1 0 4 5 4 3 2 6 6 4 8 2 1 3 3 9

3 6 0 7 2 6 0 2 4 9 1 4 1 2 7 3 7 2 4 5 8 7 0 0 6 6 0 6 3 1 5 5 8 8 1 7 4 8 8 1 5 2 0 9 2 0 9 6 2 8 2 9 2 5 4 0 9

1 7 1 5 3 6 4 3 6 7 8 9 2 5 9 0 3 6 0 0 1 1 3 3 0 5 3 0 5 4 8 8 2 0 4 6 6 5 2 1 3 8 4 1 4 6 9 5 1 9 4 1 5 1 1 6 0

9 4 3 3 0 5 7 2 7 0 3 6 5 7 5 9 5 9 1 9 5 3 0 9 2 1 8 6 1 1 7 3 8 1 9 3 2 6 1 1 7 9 3 1 0 5 1 1 8 5 4 8 0 7 4 4 6

2 3 7 9 9 6 2 7 4 9 5 6 7 3 5 1 8 8 5 7 5 2 7 2 4 8 9 1 2 2 7 9 3 8 1 8 3 0 1 1 9 4 9 1 2 9 8 3 3 6 7 3 3 6 2 4 4

0 6 5 6 6 4 3 0 8 6 0 2 1 3 9 4 9 4 6 3 9 5 2 2 4 7 3 7 1 9 0 7 0 2 1 7 9 8 6 0 9 4 3 7 0 2 7 7 0 5 3 9 2 1 7 1 7

6 2 9 3 1 7 6 7 5 2 3 8 4 6 7 4 8 1 8 4 6 7 6 6 9 4 0 5 1 3 2 0 0 0 5 6 8 1 2 7 1 4 5 2 6 3 5 6 0 8 2 7 7 8 5 7 7

1 3 4 2 7 5 7 7 8 9 6 0 9 1 7 3 6 3 7 1 7 8 7 2 1 4 6 8 4 4 0 9 0 1 2 2 4 9 5 3 4 3 0 1 4 6 5 4 9 5 8 5 3 7 1 0 5

0 7 9 2 2 7 9 6 8 9 2 5 8 9 2 3 5 4 2 0 1 9 9 5 6 1 1 2 1 2 9 0 2 1 9 6 0 8 6 4 0 3 4 4 1 8 1 5 9 8 1 3 6 2 9 7 7

4 7 7 1 3 0 9 9 6 0 5 1 8 7 0 7 2 1 1 3 4 9 9 9 9 9 9 · · · Sequence of decimal digits of π!

0 1 2 3 4

2 φ e π
A perfectly well-defined number!



Example 3: Is this signal random?
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Example 3: Is this signal random?
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Example 3: Is this signal random?

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●●●
●

●

●

● ●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

xn

x n
+1



Example 3: Is this signal random?
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chaotic, unpredictable, patternless, ...
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... but a delay plot reveals the rule

The logistic map: Iterate Xn+1 = 4Xn(1 − Xn) (0 ≤ X0 ≤ 1)



Connotations of randomness

A sequence of numbers which

• lacks predictability

• lacks (easily) recognizable pattern or rule

• contains information which cannot be compressed into an
equivalent but shorter representation

• is indistinguishable from realizations of a truly random process

• has statistical independence (in some contexts)

• ...

Imprecise as definition,
uses circular reasoning,

...
(but you know what is meant)



An operational definition of randomness

Mais quand une regle est fort composée, ce qui luy est conforme,
passe pour irrégulier.

But when a rule is extremely complex, that which conforms to it
passes for random.

Gottfried Wilhelm

Discourse on Metaphysics (1686)

as quoted at http://en.wikiquote.org/wiki/Randomness

http://en.wikipedia.org/wiki/Gottfried_Wilhelm_Leibniz
http://en.wikipedia.org/wiki/Discourse_on_Metaphysics
http://en.wikiquote.org/wiki/Randomness


Generating “random” numbers

We may, therefore, use deterministic means to generate a
sequence of numbers that appear random ...


